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Abstract. In the review, the up-to-date theoretical research of various aspects of void evolution problem in 
hollow crystalline micro- and nanostructures is summarized. A classification of hollow architectures of mi-
cro- and nanostructures distinguishing the main procedures of void (pore) production as well as the influence 
of the voids on functional properties of the devices based on hollow structures, is suggested. The factors 
responsible for the void evolution process are discussed. Finally, theoretical models of the void evolution 
describing shrinkage and growth processes in particles of various structures are considered in terms of ki-
netics and thermodynamics concepts. 

 
ABBREVIATIONS 

SCP single-crystalline particle 
PCP polycrystalline particle 
CShP core-shell particle 
MTP multiply twinned particle 
PW pentagonal whisker or wire 
DhP decahedral particle 
IcP icosahedral particle 
WD wedge disclination 
SD stereo disclination (or Marks-Ioffe disclination) 
TEP thermodynamic extremal principle 
FCC face-centered cubic 

NOTATIONS 

r spherical or cylindrical radial coordinate 
,i er r  internal and external radii of a hollow particle 

fr  radius of a solid particle 
vC  relative concentration of the vacancies 
vD  vacancy diffusivity 

cj  vacancy flux caused by concentration gradient 
σj  vacancy flux caused by intrinsic stress field 

Ω atomic volume 
δv relaxation volume 
γ specific surface energy 
σh  hydrostatical stress 
ω strength of partial wedge disclination 
χ strength of stereo (Marks-Ioffe) disclination  
E Young modulus 
µ shear modulus 
ν Poisson coefficient 

1. INTRODUCTION 

In the last two decades, there has been an increasing 
interest in development of theoretical models describ-
ing the void evolution kinetics in micro- and 
nanostructures of different architectures. This interest 
is encouraged by extended experimental investigations 
of hollow structures and their synthesis, as well as by 
elucidation of unique functional properties of the 
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hollow crystalline objects against their solid counter-
parts. This article is mainly aimed at reviewing the is-
sues concerning theoretical aspects of hollow micro- 
and nanostructures production. 

1.1. Classification 

The variety of hollow crystalline structures can be cat-
egorized in terms of particle morphology, shell and 
cavity architecture, material composition and struc-
tural complexity [1,2]. For instance, the hollow parti-
cles often take the form of hollow sphere, tube, box 
and other hollow polyhedral shapes with well-defined 
facets (Fig. 1a–c). Besides, porous hollow particles 
with large through-holes and hollow polyhedra with 
frame-like or cage-like open architectures can be in-
corporated in special class of hollow particles with 
open structures (Fig. 1d). Torus or ring particles with 
different cross sections can be also attributed to hollow 
particles with open structures (Fig. 1e). Considering 
the shell architectures, hollow particles can be classi-
fied as single-shell, double-shell or multi-shell parti-
cles (Fig. 1f,g). The hollow structures with interior 
cavity comprising solid particles arrange the class of 
rattle-type hollow structures including yolk-shell par-
ticles which contain one solid core inside the shell 
(Fig. 1h). Concerning the hollow architectures (com-
plexity), particles can contain single or multiple 

cavities (Fig. 1j). Crystalline hollow structures can be 
considered in terms of material composition ranging 
from pure element to multicomponent systems, and 
from metals to semiconductors. Hierarchical hollow 
structures are more complicated structures which are 
usually assembled of solid subunits such as nanoparti-
cles, nanorods or nanosheets. From the theoretical 
point of view, spherical and cylindrical geometries of 
hollow structures are the most appropriate for analyz-
ing void evolution processes. 

1.2. Functional properties 

Determined by high specific area and surface-to- 
volume ratio, low density and encapsulate option, 
hollow structures exhibit higher performance than 
their solid counterparts with the same composition 
and size that tremendously extends their application 
in the fields of plasmonics [3–5], catalysis [6–11], en-
ergy storing [12–15] and medicine [16–18]. 

For instance, hollow metal nanoparticles have sig-
nificantly higher plasmonic properties than their solid 
counterparts due to so-called mechanism of plasmon 
hybridization. An ability to generate a surface plas-
monic resonance within a wide energy range from ul-
traviolet to near infrared regions by tunning of void 
size was numerically proved by the Mie scattering cal-
culations on the 50 nm hollow spherical Ag and Au 

 

 

a) b) c) 

d) e) f) 

h) g) j) 

Fig. 1. Sketches showing the diversity of hollow particles: a) spherical; b) tubular; c) cubic; d) frame-like; e) torus; 
f), g) multi-shell; h) yolk-shell; j) porous. 
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nanoparticles with different shell thickness [19]. This 
tunability of surface plasmonic resonance makes the 
metal hollow particles a promising material for gas 
sensing [20–22], surface enhanced Raman spectros-
copy [23–25], plasmon enhanced solar cells [26–28], 
photodetectors [29–31], drug delivery [32,33] and can-
cer therapy [34–36]. 

Hollow semiconductor particles exhibit more im-
proved photocatalytic activity than solid ones due to 
shortened diffusion pathways of the electron-hole pairs 
as well as better capacity to accelerate the surface re-
actions [37–40]. Besides, the multiple reflection of 
light and its scattering inside the hollow interior can 
envisage stronger light absorption and enhanced light-
harvesting capability. 

Due to higher fraction (abundance) of surface sites, 
hollow metal particles (with alloy and core-shell struc-
tures) enhance electrocatalytic activities in reactions 
of oxygen reduction, oxygen evolution, hydrogen evo-
lution, and hydrogen oxidation making these particles 
perfect candidates for industrial scale of proton-ex-
change membrane fuel cell technology and other in-
dustrial applications [41–45]. 

The hollow carbon or metal oxides structures as 
materials for anodes [46,47], cathodes [48,49] and 
electrodes [50,51] benefit from the high active sur-
face area to enhance capacity of energy storage de-
vices, such as batteries and supercapacitors. Besides, 
presence of voids reduces the volumetric strain in 
hollow structures that increases the cycling stability 
of the devices. 

Thus, fabrication of hollow structures with designed 
functional properties is significant issue requiring both 
a choice of suitable synthesis procedures (optimal syn-
thesis conditions) and a creation of theoretical models 
describing the kinetics of void evolution processes in 
particles of different nature. 

1.3. Synthesis procedures 

Generally, the template-based strategies are usually 
employed to classify the synthesis procedures of hol-
low structures [52–58]. 

Hard-templating strategy is the most trivial (con-
ventional) tool for synthesis of hollow nanostructures. 
A wide range of materials such as polymer, silica, car-
bon, metal ceramic, inorganic salts, and natural mate-
rials can be employed as the base for hard templates. 
According to this strategy, the surface of a hard tem-
plate is covered with shell layer of desired material. 
The hollow nanostructures can be obtained by the se-
lective removal of hard template through the well-
known techniques such as chemical etching, 

temperature treatment (calcination) or dissolving in 
solvents. The resulted shape of hollow nanostructures 
(hollow sphere, tube, box, etc.) is completely deter-
mined by the original shape (spherical, cylindrical, cu-
bic) of the hard template, replicating its morphology. 

Soft-templating strategy employs fluid or gas sub-
stances as templates (such as emulsion droplets, vesi-
cles/micelles, gas bubbles) to synthesize the hollow 
nanostructures avoiding the stage of post (treatment) 
removal of templates, in contrast to the above-men-
tioned (hard template) strategy. This strategy is also 
applicable to fabricate the complicated hierarchical 
hollow structures such as porous spherical shells, hol-
low spheres with vesicular buds, etc. However, soft-
template strategy is not suitable for the synthesis of 
non-spherical hollow structures with sharp edges and 
corners. Besides, the synthetized hollow structures 
have a high diversity (scatter) in the size distributions 
of both particle and interior cavity that makes it diffi-
cult to control uniformity. 

Self-templating strategy is considered as more ad-
vantageous for synthesis of hollow nanostructures in 
terms of relatively simple procedure, high reproducibil-
ity, and size parameter control. According to this strat-
egy, the hollow nanostructure is produced on the basis 
of the original solid nanostructure as a template employ-
ing the following mechanisms: the Ostwald ripening, 
the nanoscale Kirkendall effect, galvanic replacement, 
etc. Hollowing process through the Ostwald ripening 
mechanism in nanostructures occurs due to the fact that 
the smaller voids have a tendency to dissolve and sub-
sequently regrow in bigger ones. Generally, this mech-
anism can be applied to structures made from crystal-
line materials as well as polymeric. As another 
mechanism of self-templating approach, the nanoscale 
Kirkendall effect has been widely employed for produc-
tion of hollow particles (mainly metal oxides) [59,60]. 
For instance, the nanoscale Kirkendall effect occurs in 
the core-shell particle with fast diffusive component in 
the core and relatively slow diffusive component in the 
shell. Under these conditions, the difference in diffu-
sion rates of components induces the outward imbal-
anced flux of matter. This flux has to be compensated 
by the inward flux of vacancies, which can lead to va-
cancy supersaturation in the interior region and subse-
quent formation of voids. Hollowing process via 
galvanic replacement reaction is driven by electro-
chemical (reduction) potential difference between two 
metals [61]. According to this classical mechanism, 
the redox reaction between salt of more noble metal 
(B) and a core of less noble metal (A) results in both 
deposition of (B) atoms on the core surface due to re-
duction process and dissolution of (A) core due to 
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oxidation process. The final shape and size of alloyed 
shell are strongly determined by (A) core. For rela-
tively long reaction times, the generation of multiple 
pores occurs in the shell, which eventually leads to the 
formation of cage and frame structures. 

Although a large number of reviews has been de-
voted to various aspects of synthesis of hollow 
nanostructures as well as the influence of hollows on 
the functional properties of the devices based on hol-
low nanostructures, not enough information is availa-
ble on the theoretical aspects of hollow formation. By 
referring to the previous theoretical solutions, this ar-
ticle provides substantial review on theoretical models 
of hollow formation in nanostructures. 

1.4. Phenomena of void evolution in 
particles 

The process of void evolution is driven by different 
factors including particle environment and size 
[62,63], structural crystallinity [64], diffusivity of 

components [65,66], presence of vacancy sinks/ 
sources (such as dislocations, disclinations, grain and 
interface boundaries) [67–69], surface and volume 
stress states [70–73]. 

By now, the following phenomena of void evolu-
tion in nanoparticles have been theoretically described 
in detail: 

(i) void shrinkage in initially hollow particles 
with single crystalline (Fig. 2a) and polycrystalline 
structures (Fig. 2b). This phenomenon is driven by 
Gibbs-Thompson curvature effect concerning the 
difference of vacancy concentration on the curva-
ture surfaces from the equilibrium one on the planar 
surfaces; 

(ii) void formation in multiply twinned particles 
(MTPs) induced by the residual stress relaxation 
(Fig. 2c). MTPs are attributed to high level of residual 
stress induced by five-fold cycling twinning. This 
stress state can relax through various channels such as 
formation of dislocation loops, cracks, mismatched 
layers and particularly voids; 

Fig. 2. Void evolution phenomena in particles: a) void shrinkage in a single-crystalline particle (SCP); b) void 
shrinkage in a polycrystalline particle (PCP); c) residual stress relaxation due to the void formation in a multiply 
twinned particle (MTP); d) void growth in a metallic particle due to oxidation in surrounding atmosphere; e) void 
growth in a core-shell particle (CShP) due to the Kirkendall effect; f) void growth in an alloy particle due to the 
phase separation. 
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(iii) void growth in initially solid metal nanoparti-
cles of pure element due to oxidation reaction in O, S, 
Se, Te, N, or P surrounding atmosphere (Fig. 2d). Ac-
cording to this phenomenon, solid metal particles dur-
ing oxidation turn into hollow sulfide, selenide, phos-
phide, etc. particles through the nanoscale Kirkendall 
effect. The thin oxide shells occur with subsequent dif-
fusion of metal atoms toward the external particle sur-
faces. Outward diffusion of metal atoms drives the 
void formation, resulting in hollow or porous particles; 

(iv) void growth in initially solid nanoparticles of 
binary component element accompanied by both phase 
transformation (Fig. 2e) and separation (Fig. 2f). 
These phenomena are driven by nanoscale Kirkendall 
effect as well. In the first case, the faster diffusing spe-
cies should be located in the core while the slower dif-
fusing species form the shell (Fig. 2e). 

Although these phenomena are widely referenced 
in literature, there is a lot of issues to elucidate. This 
review is an attempt to summarize main results of the-
oretical researches in the field of void evolution kinet-
ics in both crystalline micro- and nanoparticles to cre-
ate a snapshot of the current understanding of these 
phenomena. 

1.5. Context of this review 

By now several excellent overviews [74–78] summa-
rizing the results of theoretical analysis of void evolu-
tion kinetics in hollow particles are available. How-
ever, these reviews do not include the state-of-the-art 
models of void evolution in hollow particles. Concern-
ing the rapid development of nanotechnology, we be-
lieve that this Review would serve not only as theoret-
ical overview of recent progress in the field but also as 
a kind of recommendation for choice of synthesis con-
ditions for experimentalists. 

2. VOID SHRINKAGE PHENOMENA 
IN HOLLOW PARTICLES 

Voids in hollow single-crystalline particles (SCPs) of 
pure elements are unstable and have a tendency to 
shrinkage in a compact particle. The physical mecha-
nism of this phenomenon is attributed to vacancy dif-
fusion flux from the inner surface to the outer one 
driven by the vacancy concentration gradient between 
the particle surfaces (so called Gibbs-Thompson cur-
vature effect). Besides, the void shrinkage should be 
advantageous pathway in terms of energy balance as a 
result of surface energy reduction. 

The void shrinkage phenomenon in hollow com-
pound particles was verified experimentally [79–83]. 

Nakamura et al. [79] was the first who investigated the 
phenomenon of void shrinkage and collapse in NiO and 
Cu2O oxide nanoparticles while annealing in air with 
transmission electron microscopy (TEM). As a result, 
the oxide particles transformed into solid metallic Cu 
and Ni nanoparticles due to shrinking associated with 
the reduction reaction. Besides, Nakamura et al. [80] 
studied the stability of hollow oxide nanowires pro-
duced by the oxidation reaction. Nanotubes exhibited a 
tendency to shrink into solid oxide nanowires after heat-
ing to sufficiently high temperatures. Slow shrinkage 
process of Ag/Au and Ag/Pd hemispherical core-shell 
structures at temperatures higher than the formation 
temperature was observed by Glodán et al. [81]. Void 
collapse of NiO nanoparticles due to chemical reduction 
was also reported in [82,83]. 

Void shrinkage phenomenon was also established 
numerically by Monte-Carlo atomistic simulations of 
SCP [84,85] and molecular dynamic simulations for both 
single-crystalline [86–89] and polycrystalline [90–92] 
nanoparticles. Gusak et al. [84] employed Monte-Carlo 
simulation to confirm the theoretical conclusion of the 
kinetic model that the SCPs of pure element shrink 
faster than alloyed particles. Wang et al. [88] consid-
ered in terms of molecular dynamic simulation the sta-
bility of CoPt single-crystalline nanoparticles of 10 nm 
in diameter and in the range of shell thicknesses of 0.5, 
1.0 and 2.0 nm under the constant temperature of 
300 K. It was indicated that the hollow nanoparticle 
with 0.5 nm shell thickness collapsed turning into solid 
one while the hollow nanoparticle with 1.0 nm shell 
thickness would shrink and finally stabilize as a 
smaller-sized hollow structure. The hollow nanoparti-
cle with 2.0 nm shell thickness exhibited relatively 
higher stability against the shrinkage process. The in-
fluence of grain boundaries on the stability of polycrys-
tal nanoparticles was analyzed by Valencia et al. [90]. It 
was shown that single-crystalline nanoparticles are 
more stable against the shrinkage process than their 
polycrystalline counterparts, which was attributed to 
the emission of partial dislocations from grain bound-
aries increasing the probability of partial void collapse. 
Valencia et al. [91] employed molecular dynamic sim-
ulation to investigate the thermal stability of porous 
hollow Au nanoparticles. It was demonstrated that 
shell porosity plays a major role in shrinkage process 
of porous hollow nanoparticles leading to a partial col-
lapse of structure encouraged by lattice defects such as 
stacking faults and partial dislocations. Besides, the 
molecular dynamic simulation was employed to eluci-
date the cavity-formation process of Ag SCPs under 
ultrafast laser irradiation [93]. It was shown that no 
cavity formation was possible in the particle if the 
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temperature was below 2000 K. In contrast, the hollow 
and porous hollow structures were observed under the 
temperature exceeded 3000 K. 

2.1. Kinetic diffusion models 

The void shrinkage kinetics in SCPs can be described 
analytically in terms of the bulk isotropic diffusion 
theory. According to this theory, the hollow SCPs are 
treated as isotropic homogeneous cylindrical or 
spherical shells of finite thickness with moving 
boundaries (Fig. 3). If a SCP is presumed to be de-
fect-free, then the vacancy concentration vC  is gov-
erned by the following diffusion equations: 

Ω ,c v vD C= − ∇j  (1) 

(Ω ),v
c

C
t

∂
= −∇ ⋅

∂
j  (2) 

where ( , )v vC C r t=  is the dimensionless concentra-
tion of vacancies, r is either the cylindrical or spher-
ical radius-vector, t is the time, cj  is the vacancy flux 
density [m–2 s–1] corresponding to the concentration 
gradient between the internal ( )ir r=  and external 
( )er r=  surfaces, Ω is the atomic volume of a va-
cancy, vD  is the vacancy diffusion coefficient [m2/s], 
and ∇ is the Nabla operator. 

Eqs. (1) and (2) can be rewritten as 

1 ,v
v

v

C
C

D t
∂

= ∆
∂

 (3) 

where Δ is the Laplace operator. The initial condition 
for Eq. (3) is 

,0( , 0) ( ).v vC r t C r= =  (4) 

For steady-state processes, the term /vC t∂ ∂  is neg-
ligible and Eq. (3) transforms to 

Δ 0.vC =  (5) 

The Gibbs-Thompson curvature effect on the void 
evolution is described by the following boundary con-
ditions: 

β( , ) exp ,eq
v i v

i

C r r t C
r

 
= =  

 
 (6a) 

β( , ) exp ,eq
v e v

e

C r r t C
r

 
= = − 

 
 (6b) 

where eq
vC  is the equilibrium vacancy concentration 

in vicinity of a planar surface, β is a parameter: 
β 2γ Ω / kT=  for a spherical particle and β γ Ω / kT=  
for a cylindrical particle; γ is the specific surface en-
ergy; k is the Boltzmann constant; T is the thermody-
namic temperature. Eqs. (6a,b) allow to determine the 
concentration gradient between the particle surfaces, 
thus describing the vacancy migration from the inner 
surface to the outer one and the inverse migration of 
atoms from the outer surface to the inner one. The lin-
ear approximation of the Gibbs-Thompson conditions 
given by Eqs. (6a,b) gives 

,0
β( ) 1 ,eq

v i v
i

C r C
r

 
≅ + 

 
 (7a) 

,0
β( ) 1 .eq

v e v
e

C r C
r

 
≅ − 

 
 (7b) 

The motion of the particle surfaces due to the out-
ward vacancy flux is defined as follows 

Ω ,i
c

ii

dr
dsr rdt s

= − ⋅ =∫ n j


 (8a) 

Ω ,e
c

ee

dr
dsr rdt s

= − ⋅ =∫ n j


 (8b) 

where n is the outer normal to the particle surfaces, the 
surface parameters 2

, ,4π( )i e i es r=  for a spherical parti-
cle and , ,2πi e i es r=  for a cylindrical particle. 

Fig. 3. Model of a SCP in its (a) initially hollow state with a central void and (b) final solid state after shrinking. 
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Finally, when the outward flow of vacancies is bal-
anced by the inward flow of atoms, the volume of the 
particle material is assumed to remain unchanged dur-
ing the shrinkage process, so that 

ξ ,e i fV V V− =  (9) 

Where eV  and iV  are the volumes of the bodies bounded 
with the external and internal surfaces, respectively, fV  
is the volume of the solid body, and the dimensionless 
parameter ξ reflects the effect of lattice relaxation in the 
first coordination spheres of atoms surrounding vacan-
cies [94]. Fig. 4 demonstrates the dependence of the nor-
malized particle radius /e fr r  on the normalized void ra-
dius /i er r  for different values of ξ in the case of spherical 
particles. As is seen from Fig. 4, in the case of ξ = 0.0, 
the value of the solid particle radius fr  is underestimated 
due to the neglection of the outer radius change 
( ),e fr r=  while for ξ = 1.0, the er  value is overestimated 
due to the neglection of the lattice relaxation effect. One 
can also conclude that, for relatively small pores 
( / 0.5),i er r <  the increase of particle size due to void 
evolution can be neglected (ξ = 0.0), while for relatively 
big pores ( / 0.5),i er r >  it is correct to use more accurate 
values ξ ≈ 0.5…0.8. In most theoretical calculations, the 
different contribution of vacancies and atoms in matter 
conservation law is neglected (ξ = 1.0). 

 Tu and Gösele [72] and Gusak et al. [84] were the 
first who considered the void stability problem in 
SCPs. In order to estimate the time needed to transform 
a hollow SCP to a solid one, the analytical solution of 
Eq. (5) under linear Gibbs-Thompson conditions given 
by Eqs. (7a,b) for the case of spherical geometry was 
found [72]: 

1 2 1( ) β .
β

eq e i
v v

e i e i

r r
C r C

r r r r r
 +

= − + − − 
 (10) 

Substituting Eq. (10) to Eq. (8a) gives the void sur-
face evolution equation 

2

β
.

eq
i v v e i

e ii

dr D C r r
dt r rr

+
=

−
 (11) 

The expected time of void collapse was deter-
mined from Eq. (11) for the two limiting cases of SCP 
geometry: (i) the case of a very thin shell e e ir r r>> −  
and (ii) the case of a very thick shell .e ir r>>  The col-
lapse time can be given for both the cases by formula: 

3 ,
γ Ωf feq

v v

kTt r
A C D

≅  (12) 

where fr  is the radius of a solid particle after the void 
collapse corresponding to the time ,ft  A is a dimen-
sionless parameter of the order of magnitude of ten. 

For example, A = 12 for the case of a very thin shell [72] 
and A = 6 for the case of a very thick shell [84]. 

Evteev et al. [95] managed to obtain the following 
strict analytical solution of Eq. (11) for a shell of any 
finite thickness: 

3

2

2 3 1/3

3
,0 ,0

2ε
6β ε ε 1

ε /(ε ε 1) (1 ε )ln ,
ε /(ε 1)

f
f eq

v v

i e

i e

r
t

D C
r r
r r

=  + +
=+ + −

+  =+ 

 (13) 

where ,0ir  and ,0er  are the inner and outer particle radii 
at the initial moment of time t = 0. This solution 
demonstrates that the void collapse time depends not 
only on the final radius fr  of a solid particle, but also 
on the initial radii ratio of a hollow particle. Besides, 
the asymptotic behavior (expressions) for both the 
cases of very thin and very thick shell thicknesses were 
derived from Eq. (13). 

The void evolution problem in SCPs was extended 
by Yanovsky et al. [96–98] to introduce the stability of 
eccentric voids filled with gas (so called bubbles). 
They considered the void evolution process as diffu-
sion of both vacancies and gas atoms. The coupled 
problem concerning the classical diffusion theory in 
steady state approximation was set as 

0,vC∆ =   0,gC∆ =  (14) 

where vC  and gC  are vacancy and gas concentration 
in the particle. These concentrations satisfy the 
boundary conditions on the internal and external par-
ticle surfaces: 

Ωβexp ,eq i
vv i i

P
C C

S r kT
 

= − 
 

 (15a) 

Ωβexp ,eq e
v v

e e

P
C C

S r kT
 

= − − 
 

 (15b) 

Fig. 4. Normalized relaxed radius  of a spherical 
particle with respect to the normalized void radius  
for different values of ξ = 0, 0.5, 0.65, 0.8, and 1.0. 
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κ ,g i H
i

C P
S
=   κ ,g e H

e

C P
S

=  (16a,b) 

where iP  and eP  are the gas pressure inside and outside 
of hollow particle, iS  and eS  are the spherical void and 
particle surfaces, and κH  is a coefficient which de-
pends on whether gas atoms are of substitutional or in-
terstitial type (see Fig. 5).  

In this case, the void evolution kinetics is governed 
by the changes in the size and position of the void, and 
the gas density inside it: 

2

Ω ,
4π i

i
v S

i

dr
dS

dt r
= − ⋅∫ n j



 (17a) 

2

Ω ,
4π e

e
v S

e

dr
dS

dt r
= − ⋅∫ n j



 (17b) 

2

3Ω | ,
4π i

v S
i

dS
r

= − ⋅∫v nn j


 (18) 

| ,
i

g
g S

dN
dS

dt
= ⋅∫ n j


 (19) 

where n is the normal vector to a surface, gN  is the 
number of gas atoms inside the void, and v is the ve-
locity of the void as a “rigid body” with respect to the 
particle. 

The analytical solution of the boundary-value 
problem described by Eqs. (14,15) was found in a bi-
spherical coordinate system that was the most conven-
ient one for the case, in particular, to analyze numeri-
cally the void evolution equations given by 
Eqs. (11,12). Besides, the void collapse times for the 
limiting cases of very small and very large voids were 
derived asymptotically to verify the numerical results. 

Yanovsky et al. [98] focused on the case when the 
external pressure is higher than the internal one, i.e., 

.e iP P>  It was shown that the size and the position of 
the void are conserved until the gas pressure inside 
reaches the value of the external pressure. If the 

pressures inside and outside the particle are equalized, 
the void becomes unstable with respect to shrinkage 
and motion. In the special case of a symmetrically 
placed gas-filled void, the void evolution is determined 
by the shrinkage process only by the following set of 
equations 

, ,( )
,v e v i ei v

i e i

C C rdr D
dt r r r

−
=

−
 (20a) 

, ,( )
,v e v i ie v

e e i

C C rdr D
dt r r r

−
=

−
 (20b) 

, ,4π ( )
,

Ω
g g g e g i e i

e i

dN D C C r r
dt r r

−
=

−
 (21) 

where gD  is the diffusivity of the gas atoms, ,v iC  and 
,v eC  are the equilibrium vacancy concentrations on the 

internal and external surfaces, respectively, and ,g iC  and 
,g eC  are the equilibrium concentrations of the gas atoms 

on the internal and external surfaces, respectively. 
In contrast to the previous case, if the gas atom mi-

gration inside the particle is suppressed (i.e., the gas 
atom diffusivity is negligible, 0),gD →  an optimal size 
of the void can be determined [97]. Since the gas atoms 
cannot migrate from the external surface to the internal 
one, the inner pressure is the only parameter to influ-
ence the void evolution. It was shown that the void 
tends to move to the particle center if the initial void 
size is bigger than the optimal one, while the void tends 
to move to the particle periphery if the initial void size 
is smaller than the optimal one. 

In the limiting case of a symmetrical gas-filled 
void, assuming that the gas atom diffusivity is neg-
ligible, 0,gD →  the evolution kinetic of the void is 
determined only by Eq. (20a). The equilibrium ra-
dius of the void can be determined from Eq. (20a) 
by using the condition / 0idr dt =  and the equation 
of ideal gas [97]: 

,

31 .
2 2πγ

g
i eq

N kT
r =  (22) 

The case of an eccentric vacancy void ( 0)i eP P= =  
was studied by Yanovsky et al. [96]. It was noted that 
the void of any size and position are unstable and have 
a tendency to both shrinkage and rigid-body motion. 

The main drawback of the aforementioned studies 
[96–98] is the fact that the void evolution process was 
considered without reference to the elastic stresses in-
duced by the gas pressure inside the void. Besides, 
the authors did not analyze the equilibrium position 
of an arbitrary placed gas-filled void. However, these 
drawbacks do not depreciate the significance of the 
research. 
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Fig. 5. Model of a SCP containing an eccentric gas-
filled void. 
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The same phenomenon of void shrinkage occurs in 
polycrystalline particles (PCPs) of pure elements con-
taining grain boundaries. In this case, the grain bound-
aries represent effective diffusion paths for vacancy 
flux (migration) from the particle center to the outer sur-
face to accelerate shrinkage process. Klinger et al. [99] 
employed a weighed mean-curvature approach to de-
rive the evolution equation of void shrinkage in PCPs 
with taking into consideration the grain-boundary dif-
fusion (for two modes). Their results were illustrated 
by numerical dependencies of the void-to-particle vol-
ume ratio on time. The estimates show that the shrink-
age process goes significantly faster in PCPs via grain-
boundary diffusion than in SCPs via bulk diffusion. 
Besides, they predicted that hollow PCPs with certain 
number of grains above critical can be thermodynami-
cally stable, in which case the internal void reaches an 
equilibrium size. 

Kinetics models of void shrinkage in bi-alloyed par-
ticles were considered in Refs. [76,77,84,100]. 

The kinetic-diffusion approach was employed to 
investigate the void formation due to the Kirkendall 
effect in CShPs [102–105] and oxidated particles 
[101,106,107]. 

2.2.  Models based on the thermodynamic 
extremal principle 

The thermodynamic extremal principle (TEP) as a 
powerful tool for analyzing irreversible processes in 
materials science [99,108–110] was for the first time 
employed to study the void shrinkage kinetics in spher-
ical SCPs by Fischer and Svoboda [111]. According to 
TEP, the Onsager principle of maximum can be em-
ployed to derive the void evolution equation by max-
imizing the system energy dissipation subjected to the 
constraint 

,dGQ
dt

= −  (23) 

where Q is the total dissipation of energy in a process 
and G is the Gibbs total energy. 

The energy dissipation due to the shrinkage process 
in hollow SCPs was considered to be caused by both 
the bulk diffusion and motion of inner and outer sur-
faces of SCPs: 

,B IQ Q Q= +  (24a) 
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where gR  is the gas constant, iB  and eB  are the mobil-
ities of the internal and external surfaces [111]. 

The total Gibbs energy of a hollow particles was 
determined as a sum 

τ ,B IG G G G= + +  (25a) 

where 
4

3 3

( )π ε
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is the contribution to the Gibbs energy due to the vol-
umetric stress caused by inhomogeneous vacancy dis-
tribution inside the particle, 

2

τ
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is the contribution to the Gibbs energy due to the stress 
state provoked by the surface tension on both the sur-
faces, and 

2 24πγ( )I i eG r r= +  (25d) 

is the contribution to the Gibbs energy due to the pres-
ence of the internal and external surfaces. Here E is the 
Young modulus, ν is the Poisson coefficient, τ is the 
surface tension, and ε is the eigenstrain. 

The evolution of a hollow particle can be derived 
from Eq. (23) according to the Onsager principle of 
maximum dissipation. To avoid too lengthy expres-
sions, the authors of Ref. [111] used only the term 

,IG G=  thus considering the contributions of BG  and 
τG  to be unimportant. Then, taking Eqs. (24) and (25d) 

into consideration, one can obtain the solution of 
Eq. (23) as 
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Considering both the surfaces as ideal vacancy 
sources and sinks, one can neglect the energy dissipation 
of surface motion to obtain the expression for collapse 
time analogous to the one found by Gusak et al. [84]: 
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TEP was employed to investigate the void formation 
in metallic particles due to oxidation [112–114]. 

3. VOID FORMATION IN MULTIPLY 
TWINNED PARTICLES AS A 
CHANNEL OF RESIDUAL STRESS 
RELAXATION 

3.1. The intrinsic structure of multiply 
twinned particles 

The void evolution in face-centered cubic (FCC) crys-
talline multiply twinned particles (MTPs), which are a 
specific type of polyhedral crystalline particles (PCPs), 
is of special interest. The distinctive features of these 
particles are inhomogeneous residual stresses and 
strains induced by multiple cyclic twinning. As a re-
sult, MTPs often take shape of polyhedra with five-
fold symmetry axes such as icosahedron, decahedron, 
pentagonal prism or plate [115–118] in spite of the 
fact that five-fold symmetry axes are forbidden in 
single crystals by the classical crystallography. In the 
case of decahedral particles (DhPs) and pentagonal 
whiskers (PWs) as the simplest representatives of 
MTPs, there is only one five-fold symmetry axis (see 
Fig. 6a,c), while icosahedral particles (IcPs) as more 
complicated representatives of MTPs, contain six 
such axes (Fig. 6e). These axes are the quintuple junc-
tions of coherent twin boundaries of {111}-type and 
coincide with <011>-type crystallographic directions. 

These quintuple junctions of twin boundaries in-
duce inhomogeneous strains in MTPs, which have 
been properly experimentally investigated in the case 
of DhPs by electron microscopy [119–121]. The re-
sults of those researches confirm the disclination con-
cept of inhomogeneous strain in MTPs [122,123], ini-
tially suggested independently by De Wit [124] and 
Galligan [125]. In accordance with this concept, a DhP 
can be constructed from five tetrahedral domains of a 
material with FCC crystalline structure, in which case 
the surface facets of the domains are the {111}-type 
crystallographic planes. These domains have to be 
glued together around an edge along <011>-type di-
rection to form the decahedron (see Fig. 6b). This 
space-filling procedure is equivalent to introduction of 
a partial wedge disclination (WD) with strength 

ω ~ 7.28° or 0.128 rd. Similar model treats PWs as 
pentagonal prisms elongated in <011>-type crystallo-
graphic direction and having {100}-type crystallo-
graphic planes on lateral prism facets and a WD of the 
same strength ω along the prism axis (Fig. 6d). The 
same procedure can be extended to IcPs containing six 
WDs of the same strength ω piercing the opposite ver-
texes of the icosahedron [122,126] (see Fig. 6e,f). 

The continuum elastic models of MTPs are widely 
applied to describe the elastic inhomogeneous strain 
related to WDs. De Wit [124] was the first who sug-
gested to use the stress and the strain energy of a 
straight positive WD of strength ω in a long cylinder 
for describing the strained state in PWs (see Fig 7a). 
Then a continuum elastic model of a DhP in the first 
approximation could be an elastic sphere with an axi-
ally symmetric positive WD of strength ω (Fig. 7b). 
Polonsky et al. [127] found for the first time an analyt-
ical solution for the elastic fields and energy of a WD 
in an elastic sphere. Kolesnikova et al. [128] extended 
this solution to the case of a WD in a hollow sphere. 
As was mentioned above, an IcP contains six positive 
WDs piercing the opposite vertices of the icosahedron. 
The elastic sphere containing six positive WDs could 
serve a continuum model of an IcP if the icosahedron 
shape would be replaced by the spherical one (Fig. 7c). 
However, Howie and Marks [129] suggested a much 
simpler model of stereo-disclination (SD called also 
Marks-Ioffe disclination) with strength χ ~ 0.0613 sr 
spread over the volume of the sphere (Fig. 7d). 

According to these elastic models, the hydrostatic 
stress-tensor component of solid MTPs (PWs, IcPs, 
and DhPs) can be given in following forms: 
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respectively, where µ is the shear modulus, θ is the 
polar angle in an appropriate spherical coordinate 
system (see Fig.7b), ( )nP x  is the Legendre polyno-
mial, and mA  is the series coefficient [128]. 

According to the aforementioned models, one can 
conclude that the central regions of MTPs are sub-
jected to hydrostatic compression, while their 
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peripheral regions are subjected to tangential and hy-
drostatic tensions. Therefore, the stretched surfaces 
of MTPs can be considered as effective sources for 
vacancies that can further migrate to the central re-
gions of MTPs. As a result, the inhomogeneous 
strain/stress state in MTPs can cause some supersat-
uration of vacancies in central regions of MTPs, 
which is induced by vacancy fluxes from the particle 
surfaces. Twin boundaries and WD cores serve as 
easy paths of vacancy diffusion. All these factors can 
provoke the spontaneous nucleation of voids. From 
the viewpoint of the energy balance, the void nuclea-
tion should decrease the stored strain energy and be-
come an effective channel of residual stress 

relaxation in MTPs. It is experimentally established 
that the inhomogeneous elastic strains and stresses, 
induced by five-fold cycling twinning, are responsi-
ble for formation of voids [130–134]. 

For instance, Huang et al. [134] investigated the in-
fluence of inhomogeneous strain on the void formation 
and growth in icosahedral bimetallic particles. They 
showed that heating of a mixture of solid strained ico-
sahedral Pd particles in Cu solution can be employed 
to synthesize hollow Pd-Cu alloyed particles, while 
heating of a mixture of strain-free solid octahedral Pd 
particles in the Cu solution did not lead to void for-
mation and, on the contrary, the solid Pd/Cu CShPs 
were produced. This means that the void occurrence 

Fig. 6. Intrinsic structure of MTPs: (a,b) decahedral particles (DhP), (c,d) pentagonal whisker (PW) and (e,f) ico-
sahedral particle (IcP). Figures (a,b,c) demonstrate elastically strained MTPs containing  partial wedge disclina-
tions (WDs) responsible for elimination of the gaps in model solid MTPs (b,d,f). Here ω is the Frank vector of a WD. 
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in particles strongly depends on the inhomogeneous 
strain induced by multiply cycling twinning. In fact, 
the inhomogeneous strain is responsible for migra-
tion of the bigger atoms of Pd toward the peripheral 
stretched region of IcPs, while the smaller atoms of 
Cu and vacancies tend to migrate inward the central 
compressed region of IcPs. This imbalanced diffu-
sion flux of matter stimulates the void formation pro-
cess. In experiments, it was observed that the void 
nuclei initially occur at twin boundaries of IcPs with 
subsequent coalescence into a big central cavity. The 
authors of Ref. [134] applied the term “unexpected 
Kirkendall effect driven by strain gradient” to eluci-
date the void occurrence in bimetallic particles with-
out considering the residual stress relaxation phe-
nomenon. From our point of view, it would be more 
suitable to describe the void formation in IcPs as a 
channel of residual stress relaxion. 

It is worth mentioning that hollows in MTPs can also 
be produced by different strategies using chemical etch-
ing [135] and surfactants [136], galvanic [137–139] and 
Kirkendall [140–142] replacement of components, and 
electron beam irradiation [143–145]. 

3.2. The quasi-equilibrium energy models 
of void formation in multiply twinned 
particles 

The residual stress relaxation in MTPs can be investi-
gated in terms of energy balance by quasi-equilibrium 
energy approach. According to this approach, MTPs 
are considered in terms of continuum disclination con-
cept as elastic bodies containing WDs or SDs. The to-
tal energy of an initially defect-free MTP is compared 
with that one of a similar partly relaxed MTP contain-
ing structural defect(s). The formation of the defect(s) 
determines the stress relaxation channel. It is consid-
ered to be energetically favorable if the energy change 
between the MTP states, final and initial, is negative. 
This approach was employed to investigate the criti-
cal conditions of such different channels of stress re-
laxation in MTPs as: (i) the generation of circular 
prismatic dislocation loops in PWs [146], IcPs [147], 
DhPs [148] and core-shell nanoparticles with single-
crystalline [149,150] and decahedral [151] structures; 
(ii) multiple cracks at twin boundaries of hollow DhPs 
and their subsequent agglomeration into a unite five-
fold star crack [152]; (iii) formation of mismatched 

Fig. 7. The elastic models of MTPs: (a) a cross section of an elastic cylinder containing a positive WD of strength 
ω ≈ 0.128 as a continuum model of a PW; (b) an elastic sphere containing a positive WD of strength ω ≈ 0.128 as 
a continuum model of a DhP; (c) an elastic sphere containing six positive WDs, each of strength ω ≈ 0.128 as a 
continuum model of an IcP; (d) the Marks-Ioffe model of an IcP containing a stereo-disclination (SD) of strength 
χ ≈ 0.0613 sr.
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layers in PWs [153,154] and IcPs [154,155]; and (iv) 
axial cylindrical misfitting inclusions in PWs [156,157]. 
Results of Refs. [149–152] are in agreement with ex-
perimental observation of misfit dislocations [158–
160] and internal pores [132] in particles of different 
architectures. 

The quasi-equilibrium energy approach was shown 
to be rather effective particularly in determining the 
critical conditions of void formation as a possible 
channel of stress relaxation in MTPs. Initially this re-
laxation channel was described theoretically for PWs 
and IcPs [130]. Recently, it has been extended to the 
case of DhPs [161] as well. In due course of these in-
vestigations, the following assumptions were em-
ployed: (i) an increase in the free surface area and the 
elastic strain relaxation were considered as the major 
factors responsible for the energy change; (ii) the en-
ergy contributions due to a decrease in the twin bound-
ary area and some radial displacement of surface atoms 
caused by the surface tension were considered as neg-
ligible; (iii) the strain and surface energies of real (ac-
tual) MTPs were estimated as those of elastic bodies 
of either cylindrical or spherical geometry, containing 
the disclination defects. 

According to the aforementioned works [130,161], 
initially solid MTPs under consideration can be treated 
as elastically isotropic cylinders (PWs) and spheres 
(IcPs and DhPs) of radius 0 ,a  with shear modulus µ and 
Poisson ratio ν. Within such approach, the residual 
stresses in PWs and DhPs are described as those created 
by single axial positive partial WDs of strength 
ω ≈ 0.128 rd, whereas the residual stresses in IcPs are 
represented by those due to SDs of strength 0.0613 sr. 
As noted above, the central regions of MTPs are hydro-
statically compressed while their peripheral regions are 
hydrostatically stretched (with the only exception of the 
small regions around the poles crossed by WDs in DhPs, 
which are compressed; see Fig. 8 in Ref. [128] for de-
tails). Such residual stress states can cause the genera-
tion of vacancies on the stretched surface of MTPs and 

migration of vacancies to their central compressed re-
gions with subsequent coagulation of the vacancies in a 
central void of radius ir  (see Fig. 8). 

Generally, the total energy change of an MTP due 
to the void formation can be approximated by the fol-
lowing sum [130]: 

Δ Δ Δ Δ Δ Δ

Δ Δ ,
MTP sf tw el tn el sf

tn sf tn el

E E E E E W

W W
−

− −

= + + + +

+ +  (31) 

where Δ sfE  is the free surface energy change, Δ twE  is 
the twin boundary energy, Δ elE  is the disclination 
strain energy, Δ tnE  is the surface tension energy, 
Δ el sfW −  is the energy of interaction between the MTP 
free surface and the disclination stress field, Δ tn sfW −  is 
the energy of interaction between the MTP free surface 
and the elastic field caused by the surface tension, 
Δ el sfW −  is the energy of interaction between the elastic 
fields of the disclination and the surface tension. As 
was discussed above and demonstrated in [130], the 
contribution of twin boundaries and surface tension to 
the total energy change of MTPs can be neglected in 
comparison with the contribution of surface and strain 
energies. Therefore, Eq. (31) can be rewritten in the 
following simpler form 

Δ Δ Δ .sf elE E E= +  (32) 

In Eq. (32), two main counteractive effects are con-
sidered: (i) an increase of the surface energy due to the 
formation of the new internal surface and (ii) a de-
crease of the disclination strain energy due to the re-
sidual stress relaxation. If the contribution of the latter 
one to the total energy change of an MTP is more sig-
nificant, the void formation is considered to be ener-
getically favorable. In other words, the stress relaxa-
tion through the void formation is energetically 
favorable if the corresponding total energy change of a 
MTP is negative, ΔE < 0. 

The surface energy Δ sfE  can be determined as 

Δ γ ( ),sf H SE S S= −  (33) 

Fig. 8. Model of an MTP in its (a) initially solid state and (b) partially relaxed state with a central void. 
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where parameters HS  and SS  are introduced to de-
scribe the inner and outer surfaces of MTPs with re-
gard to their polyhedral shapes. In the case of PWs, 

5 2 5 5 ( ),
2H i eS r r= − +  (33a) 

5 2 5 5 ,
2S fS r= −  (33b) 

in the case of IcPs, 

( )( )2 22 3 5 5 ,H i eS r r= − +  (33c) 

( ) 22 3 5 5 ,S fS r= −  (33d) 

and in the case of DhPs, 

( )( )2 25 3 5 5 ,
4H i eS r r= − +  (33e) 

( ) 25 3 5 5 .
4H fS r= −  (33f) 

The strain energy of a solid MTP can be approxi-
mated as the work spent on the creation of the corre-
sponding disclination defect (either WD or SD) in its 
own stress field [127,130]:  
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The strain energies of hollow MTPs [130,161] are 

2 2 2 2 2
2

2 2 2 2

μω 9
1 ln ,

16π(1 ν)
cyl WD e i i i

el
e e i e

r r r r
E

r r r r
 

= − − − − 
 (35a) 

3 3
2 3 2

3 3 3

98π 1 ν μχ 1 ln ,
27 1 ν

sh SD i i i
el e

ee e i

r r r
E r

rr r r
 +

= − − − − 
 (35b) 

2
3 3 3μω (3ln 2 1)( ) 3 ln

18π(1 ν)
sh WD i

el e i i
e

r
E r r r

r


= − − −− 
 

3 3
3 3 3 2

3 3

5 6 ln 2(1 ν) ( ) 2 ln 3 ln
3

i e i i
e i i

e ee i

r r r r
r r r

r rr r
 −

+ + − + −  −  
 

3 3
5 5

1 1
7 4ν2μω ( )

5 3
e i

e i
r r

A r r B
 −−

− − +


 

2 2

1 12 (1 2ν) ln
2

i e i

e

r r r
C D

r

− −−
+ − −  

2 3 2 3 2 1 2 1

2
(2 5 4ν)

2 3 2 1

m m m m
e i e i

m m
m

r r r r
A m B

m m

+ + + ++∞

=

 − −
+ + − + + +
∑  

2 2 2 2 2 2

( 2 2ν) ,
1 2

m m m m
e i e i

m m
r r r r

C m D
m m

− + − + − − − −
+ − + − − 
 (35c) 

where the expansion coefficients ,mA  ,mB  mC  and mD  
can be found from the following set of algebraic 
equations issued from the boundary conditions on the 
inner ( )ir r=  and outer surfaces ( )er r=  of the spheri-
cal shell [161]: 

for m = 0, 
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e

r
r=

 − − −
= − + − −  

 (39a) 

2,3...
μω (1 2ν)(2 1)( 1)(4 1)σ

2π(1 ν) ( 1)2 (2 1)(2 3)m
m m m

m m m m=

 − − + +
= − − + +

 

 4 1 ,
2 (2 1)

m
m m

+
− + 

 (39b) 
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1
μω 1 ν 1 2ν 1 2ν 2τ ln ,

2π(1 ν) 3 90 3m
e

r
r=

 − − −
= − + − −  

 (39c) 

2,3...
μω (1 2ν)(4 1)τ .

2π(1 ν) ( 1)2 (2 1)(2 3)m
m

m m m m=

− +
= −

− − + +
 (39d) 

Fig. 9 shows the dependences of the ratio of the en-
ergy terms H

elE  and S
elE  given by Eqs. (34) and (35), re-

spectively, on the inner to outer radii ratio /i er r  ( )f er r=  
for ν = 0.35. As is seen, for all the cases under consider-
ation (for DhPs, PWs, and IcPs), the strain energy de-
creases with an increase in the void radius. Moreover, at 
the same value of the inner to outer radii ratio, the strain 
energy ratio /H S

el elE E  takes the lowest value for PWs, a 
medium value for IcPs, and the highest value for DhPs. 
For example, at / 0.5,i er r =  these values are as follows: 
~ 0.1 for PWs, ~ 0.25 for IcPs, and ~ 0.55 for DhPs. 
Thus, hollow DhPs store significantly higher strain en-
ergy than hollow PWs and IcPs of the same inner and 
outer radii. 

Coming back to the surface and strain energy con-
tributions in the relaxation process due to the void for-
mation in MTPs, the corresponding energy change as 
a function of the initial radius fr  and the void radius er
can be obtained 

Δ γ ( ) .H S
MTP H S el elE S S E E= − + −  (40) 

We employ Eq. (40) to illustrate the energy change 
of MTPs under consideration as a function of the void 
radius ir  for different values of the initial radius .fr  In 
Fig. 10, the normalized curves of energy change 
Δ ( / )MTP i eE r r  are demonstrated at ν = 0.3 and γ = Gb/8 
for (a) PWs, (b) IcPs, and (c) DhPs. In the framework 
of the quasi-equilibrium approach, the void formation 
in MTPs is energetically favorable if the correspond-
ing energy change is negative, ΔEMTP < 0. 

Fig. 10. The energy changes of different MTPs due to 
the void formation in dependence on the inner-to-outer 
radii ratio for different values of the initial radius  
(a) PW, (b) IcP, (c) DhP. 

Fig. 9. The ratio of strain energies of hollow MTPs to 
solid ones in dependence on the inner-to-outer radii ra-
tio  for DhP (solid curve), IcP (dashed curve) and 
PW (dash-dotted curve).  
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As is seen from Fig. 10, for all types of MTPs 
there exists a critical radius ,f crr  of the initially solid 
structure so that the void formation is energetically 
unfavorable (ΔE > 0 for any value of ir ) in MTPs of 
relatively small radius , ,f f crr r<  while it is energeti-
cally favorable (ΔE < 0 in a range of variable fr ) in 
MTPs of relatively large radius , .f f crr r>  This means 
that, in relatively small particles, the void is unstable 
and tends to shrinkage as it was observed in Au and Ag 
DhPs of 30–40 nm in diameter with voids of 3–8 nm 
in diameter [143–145]. The critical value of the MTP 
radius ,f crr  can be determined numerically from the 
system of equations ΔE = 0, Δ / 0,fE r∂ ∂ =  and 

2 2Δ / 0.fE r∂ ∂ >  It is worth noting that the value of the 
critical radius ,f crr ~ 41b corresponding to IcPs is sig-
nificantly less than the values ~692b and ~757b cor-
responding to critical radii of DhPs and PWs, 
respectively. 

The critical radii of MTPs with regard to genera-
tion of circular prismatic dislocation loops were earlier 
calculated as ~135b for PWs [146], ~40b for IcPs [147] 
and ~258b for DhPs [148] that is smaller than the re-
sults for pore formation (see Fig. 10b,c). One can con-
clude from this comparison that supersaturation of va-
cancies in center regions of IcPs induces either pore 
formation or the generation of vacancy-type prismatic 
dislocation loops while the vacancy supersaturation in 
PWs and DhPs could lead to generation of dislocation 
loop(s) of the same type with subsequent formation of 
a pore. The latter process has not been theoretically de-
scribed yet. 

In MTPs of radius ,f i,crr > r  the void tends to grow 
up to an optimal radius i i,optr = r  corresponding to the 
minimum of Δ 0MTPE <  (see Fig. 10). As is seen from 
Fig. 10, the more the initial radius fr  of the MTPs 
rises, the more the optimal normalized radius , /i opt er r  
of the pore is. Besides, Fig. 11 demonstrates how the 
optimal normalized radius , /i opt er r  varies with the in-
itial radius fr  of PWs, IcPs and DhPs in the case of 
pure Cu. It is seen that, for all MTPs under consider-
ation, the curves gradually increase in the range of fr  
from ~0.1 to ~2 μm with subsequent saturation. This 
result well agrees with experimental observation of 
large hollow DhPs and IcPs of radius 0.5er >  μm with 
thin shell thickness ~0.1 μm [132,133]. It is worth not-
ing that the experimental values of , /i opt er r  in DhPs 
were rather close to those in IcPs for relatively large 
values of .er  Fig. 11 verifies theoretical results with the 
marks corresponding to experimental data on observa-
tion of hollow Cu MTPs attributed to stress relaxation 
processes. In fact, the theoretical curves are confirmed 
by the experimental points for all types of MTPs under 
consideration. 

3.3. The kinetic models of void formation 
in multiply twinned particles 

The aforementioned quasi-equilibrium energy models 
are not effective enough to describe the void evolution 
kinetics in MTPs because the influence of the vacancy 
diffusion on this process was not taken into considera-
tion. An attempt to overcome this limitation was taken 
by Vlasov et al. [162–164] who applied the bulk diffu-
sion theory to investigate the initial-stage kinetics of 
phase transformation in MTPs via the migration of 
point defects (vacancies and impurity atoms) under the 
stress state induced by disclination defects. According 
to these works, the system of differential equations 
governing the concentration ( , )v vC C r t=  of vacancies 
under strain gradient can be written as follows 

Ω 0,c v vD C+ ∇ =j  (41a) 

σΩ 0,v
v
C U

D
kT
∇

+ =j  (41b) 

σΩ ( ) 0,v
c

C
t

∂
+ ∇ ⋅ + =

∂
j j  (41c) 

where r is either the cylindrical or spherical radius of 
a particle, cj  is the vacancy flux corresponding to the 
concentration gradient [see Eq. (1)], σj  is the vacancy 
flux corresponding to the pressure gradient, Ω is the 
atomic volume, U  is the potential of interaction be-
tween vacancies and the force (stress state) induced by 
vacancy sinks and sources such as dislocations, discli-
nations or grain boundaries, etc. 

Fig. 11. Dependence of the normalized optimal radius 
of the pore  on the final radius  of different 
MTPs in pure Cu: DhP (black curve), IcP (red curve) 
and PW (blue curve). The experimental points 
(~0.8 μm, 0.63) and (~0.6 μm, 0.75) correspond to hol-
low DhPs and IcPs [132], respectively, while the ex-
perimental point (~7 μm, 0.66) corresponds to hollow 
PWs [130]. Adapted from Ref. [161]. 



112 S.A. Krasnitckii and M.Yu. Gutkin 

Substituting Eqs. (41a,b) to Eq. (41c), one can ob-
tain the diffusion differential equation with a drift 
term: 

( )1 Δ .v v
v

v

C C U
C

D t kT
∂ ∇ ⋅ ∇

= +
∂

 (42) 

Taking into consideration the Dirichlet boundary-
value problem, the inner and outer particle surface is 
maintained (sustained, presumed) under the conditions 
of constant point defect concentration: 

( , ) ,v i pC r r t C= =  (43a) 

0( , ) ,v eC r r t C= =  (43b) 

where pC  is the vacancy concentration at the void 
surface and 0C  is the average concentration of point 
defects. 

Besides, the vacancy concentration should be de-
fined at the initial moment of time: 

0( , 0) ,vC r t C= =  (44) 

The evolution of the void surface is directly deter-
mined by vacancy migration driven by both the con-
centration gradient between particle surfaces and re-
sidual pressure in MTP: 

.
i

i v
v v

r r

dr C
D C U

dt kT =

 = − ⋅∇ + ⋅∇  
n n  (45) 

Eq. 45 gives the mass balance relation at void surface.   
In the case of cylindrical geometry, Eq. (42) can be 

rewritten as 
2

2
2

1 α1 ,v v v

v

C C C
D t r rr

∂ ∂ ∂+
= +

∂ ∂∂
 (46a) 

2
ω 1 ν δα ,

3π 1 ν
G v

kT
+

=
−

 (46b) 

where δv is the change in the particle volume due to 
the formation of a vacancy, 2α  is the dimensionless pa-
rameter reflecting the contribution of the pressure-in-
duced (drift) vacancy flux between the external and in-
ternal surfaces. When 2| α | 1,>>  the drift flux prevails 
over the concentration-gradient flux and the contribu-
tion of the latter one can be assumed negligibly small. 
In contrast, when 2| α | 1,<<  the distribution of vacan-
cies is strongly governed by the concentration-gradient 
flux, while the contribution of the drift flux can be ne-
glected. If 2| α | 1,≈  the contributions of both the fac-
tors are comparable. In the case of PWs of pure Cu, the 
estimate of parameters gives 2α 1.≈ −  The sign of pa-
rameter 2α  is defined by the product of ω and δv. In this 
case, the relaxation volume of a vacancy is negative, 

while the strength of the WD is positive. For 2α 1,= −
the solution of Eq. (46) reads 

0

0

2 2

2
1

π ( ) π2 1 sin exp .
π ( )

v e

p e i

i v

n e i e i

C C r r
C C r r

n r r n D t
n r r r r

+∞

=

− −
=

− −

  −
− −  − −   
∑  (47) 

The void growth rate is obtained from the mass balance 
equation (45) at the internal surface as follows 

0 0

2 2
0 0

2
1

Ω ( )
( )

2Ω ( ) π
exp ,

( )

v e p ii

i e i

v p v

ne i e i

N D r C rCdr
dt r r r

N D C C n D t
r r r r

+∞

=

−
=

−

−  
+ − − − 

∑  (48) 

where 0N  is the number of atoms per unit volume. 
In the steady state case ( 0),t vC∂ ≈  the void evolu-

tion is determined by the following equation: 

0 0Ω ( )
.

( )
v e p ii

i e i

N D r C rCdr
dt r r r

−
=

−
 (49) 

Presuming that e p i pr C rC>>  and 0Ω 1,N ≈  the inte-
gral of Eq. (49) gives a parabolic law for the void ra-
dius growth: 

2 .i p vr C D t=  (50) 

Vlasov and Dragunov [163] extended the vacancy 
diffusion kinetics to the case of impurity atom migra-
tion to describe the new-phase growth in PWs. It is 
worth noting that the results obtained by kinetics mod-
els are applicable for both void and new phase growth. 
The Laplace-Carson integral transform was employed 
to derive Eq. (46) for two peculiar cases when (i) the 
contributions of concentration gradient and disclina-
tion stress are comparable; (ii) the contribution of con-
centration gradient is more significant than that one of 
disclination stress. The formal solutions of these equa-
tions are given by impurity atom concentrations repre-
sented in the Laplace-Carson space. Finally, the radius 
of a new (second) phase was derived from the tran-
scendental equation obtained from the mass conserva-
tion condition on the interface under the assumption of 
parabolic nucleus growth. 

Evolution equation (45) was employed by Vlasov 
and Zaznoba [164] to investigate the initial stage of the 
growth of a new phase nucleus in vicinity of structural 
defects including straight edge dislocations, crack tips, 
wedge and stereo disclinations. As the nucleus size at 
the initial stage is much less than the particle size, it 
was reasonable to use the pure drift flux assumption. It 
means that the concentration-gradient flux between the 
internal and external surfaces was considered 
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negligible, while the diffusion flux induced by defect 
pressure was assumed to play the main role. Under this 
assumption, the dependence of the internal radius of 
PWs and IcPs (described through WDs and SDs) on 
time was derived from Eq. (45) in the form of para-
bolic growth: 

1/2
1,2τ ,ir A

b
=    2τ ,Dt

b
=    1,2 1,22α ,A =  (51a,b) 

where b is the interatomic distance in crystalline lat-
tice, D is point defect diffusion, and the parameters 1,2α  
are defined as 

1
χ 1 ν δα ,

3 1 ν
G v

kT
+

=
−

   2
ω 1 ν δα .

3π 1 ν
G v

kT
+

=
−

 (52a,b) 

Hereinafter the subscript 1 refers to SDs, while the 
subscript 2 to WDs. 

The number of vacancies absorbed by a SD is 

3/2
1τ ,N B=  3/2

1 0 1
4π α ,
3

B C=  (53a) 

and the number of vacancies per unit length absorbed 
by a WD is 

2τ,N B=  0 2
2

2π α
,

C
B

b
=  (53b) 

where 0C  is the average concentration of the point 
defects. 

Besides, the nucleus growth in vicinity of a straight 
edge dislocation and at a crack tip under external load-
ing (without consideration of the angular dependence of 

the hydrostatical stress) was investigated in Ref. [164] 
to provide a comparative analysis of nucleus kinetics in 
vicinity of various structural defects. In the case of in-
teraction of point defects with the crack tip, the nucleus 
radius and the number of absorbed vacancies per unit 
length of the crack were found as functions of time: 

2/5
3τ ,ir A

b
=    

2/5
3

3
α5 ,

2
A

b
 

=  
 

 (54a,b) 

4/5
3τ ,N B=  

4/5
0 3

3
π α5 ,

2
C

B
b b

 
=  

 
 (54c,d) 

3
(1 ν) δα ,

3 2
p a v

kT
∞+

=  (54e) 

where p∞ is the remote pressure and a is the half-length 
of the crack. 

The nucleus radius and the number of vacancies 
segregated at a straight dislocation are determined by 
the following equations: 

1/3
4τ ,ir A

b
=  

1/3
4

4
3α ,A
b

 =  
 

 (55a) 

2/3
4τ ,N B=  

2/3
0 4

4
π 3α ,

C
B

b b
 =  
 

 (55c,d) 

4
1 ν δα ,

3π 1 ν
Gb v

kT
+

=
−

 (55e) 

where b is the magnitude of the dislocation Burgers 
vector. 

Fig. 12. The dependences of (a) the void radius and (b) the number of vacancies absorbed by different sinks (1 – SDs, 
2 – WDs, 3 – crack tips, 4 – edge dislocations) on the normalized time τ. For simplicity, parameters A and B were 
assumed to be similar for all sinks under consideration. 
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The kinetics of nucleus growth at the initial stage 
in the vicinity of edge dislocations, crack tips, wedge 
and stereo disclinations, given by Eqs. (51)–(55), is 
shown in Fig. 12. As is seen from Fig. 12a, nuclei in 
MTPs (PWs and IcPs) grow faster in vicinity of SDs 
and WDs than in vicinity of crack tips and edge dis-
locations. Besides, SDs and WDs are the most essen-
tial sinks for point defect segregation, while crack 
tips and edge dislocations are less significant as 
shown in Fig. 12b illustrating the dependences of N 
on time τ for the defects under consideration. 

Romanov and Samsonidze [165] investigated the 
diffusion of point defects in vicinity of a WD located 
in a cylinder with regard to generation of point defects 
at their sources and absorption of point defects at their 
sinks: 

2
σ

1 ( ) κ ,
Ω c

C g D C
t

∂
= −∇ ⋅ + −

∂
j j  (56) 

where C is a concentration of the point defects, g is the 
rate of generation of point defects and 2κ  is the 
strength of their sink. 

Besides, the boundary and initial conditions for 
concentration of point defects were considered with 
taking into account the stress field of the WD as 
follows 

2

0

0
 0  

α

,

  ,

( ) expeq

eq

core

e

C C U
r rk

r r t

r

T
C

e
C

r

−

 = =

 
=  

=




−  = 


 (57a) 

( ) 2α

  ,   ,( ) expe eq eq
e

U
r rkT

C r r t C C e
− = −  

= =
=

 (57b) 
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  ,   0   
0

,( ) expeq
e

eq
e rC r t C C
r

U
tkT

−

 = − 

 
= =   


 = 

 (57c) 

where eqC  is the equilibrium concentration of point de-
fects in a WD-free body and 0r  is the WD core radius. 

The following expression for point defect flux at 
disclination core was obtained in Ref. [165]: 

( )
0

22
0

0

α
( , ) | 1 exp κ

Ω
core

r r r
CDj r r t Dt
r=

  = = ⋅ = − −  
e j

 

( )2 κ Φ κ ,
κ core
g C Dt

D
  + −  
  

 (58) 

where coreC  is determined by Eq. (57a) and Φ( )x  is the 
error function. It is worth noting that Eq. (58) is appli-
cable for describing either point defect diffusion at 

initial stages where 2
0~ /t r D  or diffusion relating to 

quite strong point defect sinks where 21/ (κ ).t D>  The 
first case is valid only if the point defects from vicinity 
of the core are absorbed by the WD, while the second 
one is valid if most point defects are absorbed by other 
sinks and only a small amount of point defect flux 
reaches the WD core. 

A strict analytical solution of Eq. (56) was ob-
tained under the assumption of steady state process. 
In Ref. [165], the expression of point defect flux is 
demonstrated without taking into account the pres-
ence of vacancy sinks 2(κ 0)=  as 

2 2
02

0 0 2 2
2 0

1 /α1( ) 1 .
2 α 2 ( / ) 1

e

e

r r
j r gr

r r
 −

= − + − 
 (59) 

The radius of voids nucleating in vicinity of the 
WD core was estimated under the assumption of 
steady state process in the following form 

1/38 2
0

0

10
1 ,

2πρ
ir gr

t
r

 
≈ + 
 

 (60) 

where ρ is the linear void density [m–1]. 
The aforementioned models are restricted, however, 

by the limitation that the void kinetics cannot be thor-
oughly specified in terms of the new phase kinetics. In 
particular, the models by Vlasov et al. [162–164] do not 
give sufficient consideration to either the Gibbs-Thomp-
son effect or the residual stress relaxation due to the void 
occurrence. More thorough investigation (analysis) of 
void kinetics in IcPs concerning both effects is pre-
sented in Ref. [166]. 

At the initial stages of void evolution in an IcP, the 
hydrostatic stress affecting the drift flux can be ap-
proximated by Eq. (29). This assumption seems to be 
quite appropriate for modeling the initial stages of the 
process if the void nucleus is much smaller than the 
IcP size. For final stages of the void growth, however, 
the following expression of the hydrostatic stress for a 
hollow IcP seems to be more applicable for theoretical 
analysis [166]: 

3
χ

3 3

4μχ(1 ν) 1σ ln ln .
3(1 ν) 3

sh i e
h

e e i i

r rr
r r r r

 +
= + − − − 

 (61) 

The gradient of the potential of interaction between 
vacancies and the hollow IcP is given by 

( )χ
2

4δ μχ(1 ν)δ σ .
3(1 ν)

sh
h

vU v
r

+
∇ = − ∇ = −

−
r  (62) 

Then the equation of the Fick second law for a spheri-
cal particle subjected to the SD stress fields in the 
steady-state process assumption reads 
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1
2

αΔ 0,v
v v

C
C r C

rr
∂ − + = ∂ 

 (63) 

where 1α  is defined by Eq. (52a). 
A solution of the steady-state diffusion problem 

given by Eq. (63), satisfying the linear Gibbs-Thomp-
son boundary conditions [see Eq. (7a)] on the inner 
and outer surfaces is 

1 1 1 1

1 1

α 1 α 1 α 1 α 1

α 1 α 1

( β)( ) ( β)( )
( ) .

( )
eq i e e i

v v
e

r r r r r r
C r C

r r r

+ + + +

+ +

+ − + − −
=

−
 (64) 

Notice that Eq. (64) for an IcP transforms to Eq. (10) 
for a SCP in the limiting case 1α 0.=  

Fig. 13a shows the vacancy concentration profiles 
calculated numerically from Eq. (64) for different 
values of 1α . As is seen from Fig.13a, in the cases of 
SCPs 1(α 0)=  and IcPs 1(α 0),>  the vacancy concen-
tration at the inner and outer surfaces satisfies the 
Gibbs-Thompson conditions [see Eqs. (10)]. Besides, 
in the latter case, a local increase of vacancy concen-
tration occurs in vicinity of the void surface — the less 
is the value of 1α  the higher is the concentration value 
and the closer the peak position to the void surface. In 
the limiting case of 1α ,→ −∞  the vacancy flux is gov-
erned by the pressure gradient (the contribution of va-
cancy flux due to the surface Gibbs-Thompson effect 
is negligibly small), the peak of vacancy concentration 
reaches the void surface, and the concentration value 
takes a constant value ~ 4.5 .eqC  The concentration pro-
file for 1α 0>  could be interpreted as a result of diffu-
sion of impurity atoms in IcPs. One can conclude that 
the concentration of impurities in hollow IcPs should 
be less than in SCPs. The minimum value of impurity 
concentration tends to move to the external surface 
with an increase in 1α . In the limiting case of 1α ,→ +∞  
the impurity concentration takes a constant value 
~ 0.3 eqC  at the outer surface of the hollow IcP. 

The void evolution can be determined by the mass 
balance equation at the void surface [see Eq. (45)]. 
Substituting Eq. (64) to Eq. (45), one can obtain the 
following void evolution equation in an IcP: 

1 1

1

α 1 α3 2 3 5/3
1

α 12

(α 1)[(1 ε ) (ε 1) (β / )ε(1 ε ) (ε 1)]ε ,
τ 6ε (ε 1)

frd
d

+

+

+ − + − − −
=

−

 (65) 

where the following denotations and equations are 
used: 
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6
τ .

eq
v v

f

D C t
r

=  (66a–d) 

The solution of Eq. (65) was obtained by numerical 
integration and illustrated in Fig. 13b. The curves ε(τ) 
are shown for different values of 1α  and initial normal-
ized void radius 0 ,0 ,0ε / .i er r=  As is seen from Fig. 13b, 
the scenario of void evolution in IcPs strongly depends 
on the initial void radius and the value of 1α . In the case 
of 1α 0,=  for any values of 0ε , the void tends to 

 

Fig. 13. (a) The vacancy concentration profiles 
 with respect to the normalized distance  

from the center of the hollow IcPs for different values 
of  at  and  The dashed curves 
correspond to the limiting cases of  (b) The 
dependence of the normalized void radius  on 
the normalized time τ at  for different val-
ues of  and the initial void radii 

 (the solid curves) and  (the dashed 
curves). 
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shrinkage and finally collapses at the time τ τ f=  as it 
was shown by Evteev et al. [95]. For 1α 0.6,= −  the 
void tends to reach some equilibrium size ,ε /eq i eq er r=  
via growing (when 0ε εeq< ) or shrinking (when 

0ε εeq> ). It is worth noting that, for relatively small 
values of 1α 1,< −  solid IcPs could be transformed into 
thin spherical shells (see, for example, the curve for 

1α 5= − ). 
Tsagrakis et al. [167] made an attempt to describe 

the void evolution kinetics in IcPs in terms of the 
strain-gradient elasticity. The gradient elastic model of 
an IcP was suggested to obtain the hydrostatic stress 
induced by a SD (Marks-Ioffe disclination). The hy-
drostatic stress was given by 

χ ,λ 4μχ(1 ν) 1 λσ ln cosh  Shi
3(1 ν) 3 λ λ

sph
h

e

r r r
r r

+    = + −    −    

1
λ sinh Chi ,

λ λ
r rC

r
    − +         

 (67a) 

1 3/2
3/2

λ ˆ1 Shi Chi ,ˆ λ λ λ λ( / λ)
e e e e

e e

r r r r
C I

r I r −

      = + −      
      

 (67b) 

where λ is some intristic length corresponding to non-
local gradient effects, Shi(x) and Chi(x) are hyper-
bolic sine and cosine integrals, respectively, 

/2 /2
ˆ ( ) π / 2 ( )n nI x xI x= , /2 ( )nI x  is the modified Bessel 
function [167]. Fig. 14a shows the dependences of 
hydrostatic stress on the normalized distance from the 
IcP center for different values of λ. The gradient solu-
tion given by Eq. (67) is advantageous as it takes 
regular values at the IcP center, in contrast to the 
classical solution given by Eq. (29). 

In Ref. [167], a stress-assisted diffusion model 
was employed to approximate the point defect flux as 
follows: 

( )χ ,λ χ ,λΩ ( σ ) σ ,sph sph
h hD N C M C= − + ∇ + ∇j  (68) 

where C is the concentration of point defects, D is 
their diffusivity, M and N are some extra diffusion 
constants. The diffusion equation can be obtained by 
substituting Eq. (68) in continuity equation that re-
sults in 

( )χ ,λ χ ,λ( σ ) ( ) σsph sph
h h

C D N C M N C
t

∂
= + ∆ − − ∇ ⋅∇

∂

( )χ ,λσ .sph
hM C− ∆  (69) 

The steady state solution of Eq. (69) reads: 

χ ,λ

χ ,λ

1 σ ( )
( ) 1 (1 ) ,

1 σ ( )

Asph
h

e sph
h e

B r
C r C

B r
 +

= − −  + 
 (70) 

where eC  is the vacancy concentration at the external 
surface of the IcP, A = M / N and B = N / D. 

Eq. (69) gives the vacancy redistribution in an IcP 
with taking into consideration the gradient solution for 
the residual stress state. Fig. 14b shows the 

Fig. 14. The dependences of (a) the hydrostatic stress 
and (b) the relative vacancy concentration on the nor-
malized distance  from the center of an IcP with 
respect to the classical elasticity (dashed curves) and 
the strain-gradient elasticity (solid curves) for different 
values of the parameter  = 5, 10, 20. The hydro-
static stress is given in units of  
The concentration profiles in (b) are illustrated for pre-
scribed vacancy concentration at the external IcP sur-
face  at  and B = 1/2. Adapted from 
Ref. [167]. 
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concentration profiles determined by Eq. (69) for 
different values of  λ. 

4. CONCLUSIONS  

This review is focused on various theoretical ap-
proaches and methods employed to describe the void 
evolution in micro/nanoparticles of pure chemical ele-
ments. The first part of the review contains a brief de-
scription of hollow structures including their classifi-
cation, various aspects of their application, different 
strategies of void synthesis and the discussion of the 
main factors governing the void evolution phenomena. 
The second part presents a complete description of an-
alytical models of void evolution in SCPs classified 
with regard to the main principles of diffusion kinetics 
and equilibrium thermodynamics. In particular, the 
analysis of void stability in SCPs with respect to 
shrinking was properly discussed. The third part of the 
review is devoted to void generation in MTPs as a 
channel of residual stress relaxation. Models of void 
growth are sorted out in accordance with the quasi-
equilibrium energy approach and the diffusion kinetic 
theory. The evolution of void structures in inhomoge-
neous particles (such as MTPs and CShPs) is deemed 
to be highly potential issue for further thorough inves-
tigation in terms of mutual analysis of Gibbs-Thomson 
and Kirkendall effects and residual stress impact. 
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